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REPRESENTATIONS OF COMPLEX HYPERBOLIC LATTICES
INTO RANK 2 CLASSICAL LIE GROUPS OF HERMITIAN TYPE
VINCENT KOZIARZ AND JULIEN MAUBON
Abstrat. Let Γ be a torsion-free uniform lattie of SU(m, 1), m > 1. Let G be either
SU(p, 2) with p ≥ 2, Sp(2,R) or SO(p, 2) with p ≥ 3. The symmetri spaes assoiated
to these G's are the lassial bounded symmetri domains of rank 2, with the exeptions
of SO⋆(8)/U(4) and SO⋆(10)/U(5). Using the orrespondene between representations of
fundamental groups of Kähler manifolds and Higgs bundles we study representations of the
lattie Γ into G. We prove that the Toledo invariant assoiated to suh a representation
satises a Milnor-Wood type inequality and that in ase of equality neessarily G = SU(p, 2)
with p ≥ 2m and the representation is redutive, faithful, disrete, and stabilizes a opy
of omplex hyperboli spae (of maximal possible indued holomorphi setional urva-
ture) holomorphially and totally geodesially embedded in the Hermitian symmetri spae
SU(p, 2)/S(U(p)× U(2)), on whih it ats oompatly.
1. Introdution
Let Γ be a (torsion free) uniform lattie in the Lie group SU(m, 1). We are interested here
in representations, i.e. homomorphisms, of Γ in a Lie group G of Hermitian type, that is a
onneted semisimple Lie group with nite enter and no ompat fator whose assoiated
symmetri spae X = G/K is Hermitian (K is a maximal ompat subgroup of G). We will
always assume that G, hene X , are irreduible. The lassial groups of Hermitian type are
SU(p, q), Sp(n,R), SO⋆(2n) and SO0(n, 2) whose assoiated symmetri spaes' real ranks are
respetively min(p, q), n, [n/2], and 2.
The Toledo invariant is a number naturally assoiated to suh a representation ρ : Γ −→
G, and it has been reognized over the years to play a fundamental role. It is dened as
follows. Let H
m
C
= SU(m, 1)/S(U(m) × U(1)) be omplex hyperboli m-spae, and let f be
any (smooth) ρ-equivariant map Hm
C
−→ X . The symmetri spae X being Hermitian, it
is a Kähler manifold, and its Kähler form ωX may be pulled-bak by f to give a 2-form
f⋆ωX on HmC whih goes down by ρ-equivariane to a form on the losed omplex hyperboli
manifold M = Γ\Hm
C
. We will make no dierene between Γ-invariant objets on Hm
C
and
the orresponding objets on M . For example, f⋆ωX is either a 2-form on HmC or a 2-form
on M , depending on the ontext. Similarly, we denote by g and ω the invariant metri and
Kähler form of H
m
C
, as well as the indued metri and Kähler form on M . Now, the de
Rham ohomology lass in H2dR(M) dened by f
⋆ωX depends only on ρ, not on f , and will
be denoted by [ρ⋆ωX ]. This lass is then evaluated against the Kähler lass of M to give the
desired number
τ(ρ) =
1
2m
∫
M
〈ρ⋆ωX , ω〉 dV = 1
m!
∫
M
ρ⋆ωX ∧ ωm−1
where ρ⋆ωX is any representative of [ρ⋆ωX ], 〈., .〉 is the salar produt indued by g on 2-forms
and dV = 1
m! ω
m
is the Riemannian volume form of H
m
C
(or M).
The Toledo invariant is of partiular interest beause
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(1) it is onstant on onneted omponents of the spae of representations Hom(Γ, G);
(2) it satises a Milnor-Wood type inequality, namely τ(ρ) is bounded in absolute value
by a quantity depending only on the (real) rank of the symmetri spae X and the volume
of M = Γ\Hm
C
. More preisely, if the Riemannian metris on H
m
C
and X are normalized so
that the minimum of their holomorphi setional urvatures is −1 (so that the holomorphi
setional urvature of X is pinhed between −1 and −1/rkX ), the following holds:
|τ(ρ)| ≤ rkX Vol(M).
(3) maximal representations, i.e. representations ρ for whih |τ(ρ)| = rkX Vol(M), are
expeted to be of a very speial kind, and therefore rigidity results should follow.
The Toledo invariant appeared for the rst time in 1979 Toledo's paper [To79℄ and more
expliitly in [To89℄, where the Milnor-Wood inequality (2) was proved for m = 1 and rkX = 1,
namely Γ is the fundamental group of a Riemann surfae and G = SU(n, 1). Toledo also proved
that maximal representations are faithful with disrete image, and stabilize a omplex line in
the omplex hyperboli n-spae X , generalizing Goldman's results for G = SL(2,R) [Go80,
Go88℄. At approximately the same time, Corlette, using a very similar invariant, the volume of
the representation, established in [Co88℄ the same kind of result for m ≥ 2 and G = SU(n, 1).
An immediate orollary is that a uniform lattie in SU(m, 1) an not be deformed non-trivially
in SU(n, 1), n ≥ m ≥ 1, a result rst obtained by Goldman and Millson in [GM87℄ using
dierent methods. These results have been extended to the non-uniform ase in [BI05, KM04℄
(the denition of the Toledo invariant must be modied). Therefore the ase where the rank
of the symmetri spae assoiated to G is 1 is now settled.
Using the work of Domi-Toledo [DT87℄ and Cler-Ørsted [CØ01℄, Burger and Iozzi obtained
in [BI05℄ the Milnor-Wood inequality (2) in full generality. Sine then, muh progress have
been made and maximal representations of the fundamental group of a Riemann surfae into
suh general groups of Hermitian type are well understood [BIW03, BIW06, BGG03, BGG05℄.
So far, the problem of representing higher dimensional omplex hyperboli latties in Lie
groups of Hermitian type of rank at least two seems to have been left aside. This is the
question we (begin to) address in this paper. Sine the Milnor-Wood inequality (2) is known,
one would a priori like to fous on point (3) and give a omplete desription of the maximal
representations. Our strategy will be dierent, and to explain it we need to say a word about
the available methods to prove the results we mentioned. Essentially, there are two dierent
ways of attaking the problem. The one used by Burger and Iozzi relies on bounded oho-
mology theory and allows to prove the bound (2) in great generality but gives relatively few
informations on the maximal representations, so that a separate study has to be made. The
seond one, used in [Co88, KM04℄ and in [BGG03, BGG05℄, relies on harmoni maps and/or
Higgs bundles mahinery and belongs more to the world of omplex dierential geometry. Fol-
lowing this approah, as we shall, makes it quite diult to prove the Milnor-Wood inequality
(and in fat no suh proof is known in the general ase) but one it is proved (in some speial
ases), maximal representations are easier to understand.
The Higgs bundle theory was developed by Hithin [Hi87, Hi92℄ for Riemann surfaes and
Simpson [Si88, Si92, Si94a, Si94b℄ in higher dimensions to study fundamental groups of Kähler
manifolds and their linear representations. It onsists in establishing a orrespondene between
representations of the fundamental group Γ of a Kähler manifold M and purely holomorphi
objets, alled polystable Higgs bundles over M , and then working on these objets with tools
from omplex geometry. This is in fat only possible for redutive representations, sine the
onstrution of Higgs bundles requires harmoni maps, but this restrition will not be a serious
issue for our purposes. We will explain this orrespondene in some details in setion 2. For
now let us simply say that to a redutive representation of Γ is assoiated a Higgs bundle on
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M , that is a holomorphi vetor bundle (E, ∂¯) on M together with a holomorphi (1,0)-form
θ, the Higgs eld, whih takes values in (a subbundle of) the bundle of endomorphisms of E
and satises [θ, θ] = 0. We shall often write θ : E −→ E⊗Ω1, where Ω1 is the sheaf (of germs)
of holomorphi 1-forms onM , whih we identify with the holomorphi otangent bundle ofM .
Polystability is a ondition that relates the slope of proper θ-invariant saturated subsheaves
of E to the slope of E itself (whih will be 0 here). Reall that the slope of a saturated sheaf
is dened as the quotient of its degree by its rank.
The Toledo invariant may be dened as before for representations ρ of the fundamental
group Γ of any losed Kähler manifold M in a Lie group of Hermitian type G (f is then
simply a ρ-equivariant map from the universal over M˜ of M to X = G/K), but in the Higgs
bundles setting it is best interpreted as the degree of a omplex vetor bundle over M as
follows. The Hermitian symmetri spae X is Kähler-Einstein and therefore ωX is up to a
onstant the rst Chern lass of the holomorphi tangent bundle TX of X . Therefore f⋆ωX
is up to a onstant the rst Chern lass of the indued bundle f⋆TX over M so that τ(ρ)
is, again up to a onstant, simply the degree of this bundle. To be more preise, if the Rii
urvature tensor of X is λX gX (remember that the Riemannian metri of X is normalized
to have minimal holomorphi setional urvature −1), we have τ(ρ) = − 2π
m!λX
deg f⋆TX . We
remark that if M is omplex hyperboli of omplex dimension m, Vol(M) = 4π
m!(m+1) degΩ
1
.
Hene the Milnor-Wood type bound (2) an be written:
(2')
∣∣∣∣deg f⋆TX2λX
∣∣∣∣ ≤ rkX degΩ1m+ 1 ,
an interpretation we will use onstantly. If the ρ-equivariant map f : M˜ −→ X is hosen to be
harmoni, the bundle f⋆TX −→M is onstruted from holomorphi subbundles of the Higgs
bundle E −→M assoiated to the representation ρ. Moreover, the fat that ρ is not valued in
the full general linear group but in a smaller group G of Hermitian type implies that the Higgs
bundle E has a speial struture. The idea is then that Inequality (2') will follow from this
partiular struture and the polystability ondition. This implementation of the Higgs bundle
theory has been arried out for Riemann surfaes, for example by Xia [Xi00℄ in some speial
ases, and more generally by Bradlow, Garia-Prada and Gothen in [BGG03, BGG05℄. The
Kähler manifold M being a omplex urve in their situation makes it quite easy to dedue (2')
from the struture of the Higgs bundles and maximal representations an be studied in great
details. It is for example possible to ount the number of onneted omponents of the moduli
spae of maximal representations. The reader should onsult the papers [BGG03, BGG05℄ to
see the strength of the method in this ase.
When M = Γ\Hm
C
is a (losed) omplex hyperboli manifold of dimension m ≥ 2, one
expets maximal representations to be extremely restrited. In fat they should all be indued
by speial holomorphi or antiholomorphi totally geodesi embeddings of omplex hyperboli
m-spae into the Hermitian symmetri spae X assoiated to G.
Inequality (2) or (2') for suh higher dimensional latties turns out to be surprisingly diult
to prove and disappointingly we have been obliged to restrit ourselves to the ase where the
rank of the symmetri spae X is 2. Our main result is
Theorem 1.1. Let Γ be a (torsion-free) uniform lattie in SU(m, 1). Let G be either SU(p, 2)
with p > 1, SO0(p, 2) with p ≥ 3 or Sp(2,R). Finally let ρ : Γ −→ G be a representation.
Then |τ(ρ)| ≤ 2Vol(Γ\Hm
C
). If m > 1 and ρ is maximal, namely if |τ(ρ)| = 2Vol(Γ\Hm
C
),
then G = SU(p, 2) with p ≥ 2m, ρ is redutive, faithful, disrete, and stabilizes a holomorphi
totally geodesi opy of omplex hyperboli m-spae of holomorphi setional urvature −1/2
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in the Hermitian symmetri spae X = SU(p, 2)/S(U(p)×U(2)). Moreover Γ ats oompatly
on this opy of omplex hyperboli spae.
Although Higgs bundles are assoiated to redutive representations, we do not assume that
ρ is redutive in the theorem. This is beause every representation an be deformed to a
redutive one, an operation that does not hange the value of the Toledo invariant. Moreover
we shall see in setion 3.3.3 that non redutive representations an not be maximal.
The theorem overs all but two of the lassial Lie groups of Hermitian type G whose
assoiated symmetri spaes' rank is 2. The missing ones are SO⋆(8) and SO⋆(10). In fat,
SO⋆(8) and SO0(6, 2) are isogenous and have the same assoiated symmetri spae. This means
that if a representation Γ −→ SO⋆(8) lifts to Spin(6, 2), then projeting down to SO0(6, 2)
gives the result for this representation as well.
As we said, the Milnor-Wood type inequality |τ(ρ)| ≤ 2Vol(M) is not new, only the proof
is. It is given in Setion 3 for G = SU(p, 2) and in Setion 4 for G = SO0(p, 2). The ase of
Sp(2,R) follows from the ase of SU(2, 2) sine Sp(2,R) ⊂ SU(2, 2).
The theorem in partiular says that for m > 1 there is no maximal representations of a
uniform lattie Γ of SU(m, 1) in SO0(p, 2), Sp(2,R) or SU(p, 2) with p < 2m. Our method
indeed yields expliit better bounds on the Toledo invariant in these ases. For representations
ρ : Γ −→ SU(p, 2), the arguments of [VZ05℄ an be adapted to give the following, whih is
stronger than the Milnor-Wood inequality (2) exatly when p < 2m:
Proposition 1.2. Let Γ be a (torsion-free) uniform lattie in SU(m, 1) and let ρ : Γ −→
SU(p, 2), p ≥ 2, be a representation. Then |τ(ρ)| ≤ 2p
p+2
m+1
m
Vol(Γ\Hm
C
).
If ρ : Γ −→ G is a maximal representation, for whih as we said G = SU(p, 2) with p ≥ 2m,
we will prove that there exists a maximal holomorphi or antiholomorphi totally geodesi
ρ-equivariant embedding Hm
C
−→ X = SU(p, 2)/S(U(p) × U(2)), from whih the assertions
of our main theorem follow. By a maximal embedding H
m
C
−→ X we mean an embedding
whose image's indued holomorphi setional urvature is everywhere the greatest possible,
namely −1/2 with our normalization. See setion 3.1.2 for a disussion of these embeddings
and a desription of the stabilizer in SU(p, 2) of their images in X . If f : Hm
C
−→ X is suh
a ρ-equivariant maximal embedding, we will loosely say that ρ is indued by f , although f
determines ρ(γ) for γ ∈ Γ only up to omposition with an element of SU(p, 2) xing pointwisely
the image of f in X .
The paper is organized as follows. Setion 2 is an overview on how Higgs bundles are
onstruted from representations of the fundamental group of a Kähler manifold. We say a
few words about the orresponding moduli spae, the C
⋆
-ation it omes with, and the systems
of Hodge bundles that are obtained as xed points of this ation. Setion 3 is devoted to the
proof of the main theorem when the representation takes values in SU(p, 2), whih is the most
interesting ase. The rst subsetion is expository, we give there the neessary bakground on
the geometry of the assoiated Hermitian symmetri spae. This is used in the next subsetion
to desribe the partiular struture of the Higgs bundles assoiated to suh a representation.
The third subsetion ontains the proof of the Milnor-Wood type inequality and the forth deals
with maximal representations. In the fth we prove Proposition 1.2. Finally, Setion 4 follows
the lines of Setion 3 in the ase of SO0(p, 2): the rst subsetion desribes the assoiated
symmetri spae whereas the seond is devoted to the Higgs bundles arising in this ase and
to the proof of the Milnor-Wood type inequality.
Aknowledgments. We would like to thank Jean-Louis Cler and Andrei Teleman for useful
disussions and their interest in our work.
REPRESENTATIONS OF COMPLEX HYPERBOLIC LATTICES 5
2. Representations of the fundamental group, flat bundles and Higgs
bundles
In this setion we give a short presentation of the links between representations of the fun-
damental group Γ of a Kähler manifold M and Higgs bundles on M . To be a little more
preise, we will explain in some details how G-Higgs bundles are onstruted from redutive
representations of Γ into a linear group G. There is in fat a muh deeper orrespondene (a
generalized Hithin-Kobayashi orrespondene) between the moduli spae of redutive repre-
sentations and the moduli spae of G-Higgs bundles over M with some stability properties.
However, we shall not need the full strength of this orrespondene (the easy diretion suf-
es), and we will stik to what matters for our purposes. We refer to the original papers of
Simpson [Si88, Si92, Si94a, Si94b℄ and to [BGG03, BGG05℄ for details. Our exposition owes
a lot to [BGG℄.
Let M be a ompat Kähler manifold, Γ its fundamental group, and M˜ its universal over,
so that M = Γ\M˜ . Let G be a real onneted semisimple Lie group with nite enter and no
ompat fator and K a maximal ompat subgroup of G. Finally, let ρ be a representation
Γ −→ G.
2.1. Real Higgs equations.
Let PG be the at prinipal G-bundle M˜ ×ρ G on M assoiated to the representation ρ.
A metri on PG is a redution of the struture group G of PG to its maximal ompat
subgroup K, namely, a K-prinipal subbundle PK of PG. This is the same thing as a setion
of the assoiated bundle PG ×G X ≃ PG/K over M . In our setting, sine PG is at, this
assoiated bundle is isomorphi to M˜ ×ρ X , and a setion of this bundle is given by a ρ-
equivariant map f : M˜ −→ X . In this ase, the K-prinipal bundle G −→ X = G/K an
be pulled-bak by f to give a K-prinipal bundle f⋆G ⊂ M˜ × G over M˜ . This bundle goes
down under the ation of Γ and yields the K-prinipal bundle PK ⊂ PG over M . Note that
PG is reovered as the bundle PK ×K G assoiated to PK via the ation of K on G by left
translations.
f⋆G ⊂ M˜ ×G G
PK ⊂ PG
✛
M˜
❄
f
✲ X
❄
M
❄✛
Let ω˜G be the at onnetion 1-form on the trivial G-bundle M˜×G −→ M˜ : ifX ∈ TM˜ and
A∗ is the left invariant vetor eld on G orresponding to A ∈ g, ω˜G(X,A∗) = A. This form
goes down under the Γ-ation to give the at onnetion ωG on PG. On the bundle G −→ X
we have the usual invariant onnetion λ dened by λ(A∗) = Ak, where Ak is the k-omponent
of A ∈ g in the Cartan deomposition g = k ⊕ p. Let ω˜K = f⋆λ be the indued onnetion
1-form on the pull-bak f⋆G −→ M˜ . Again, ω˜K is Γ-invariant and gives a onnetion 1-form
ωK on PK −→M .
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For X ∈ TxM˜ , we have dxf(X) ∈ Tf(x)X = TgKG/K = g⋆TeKG/K = g⋆p. Hene we an
dene a form Θ˜ ∈ Ω1(M˜ ×G)⊗ p by Θ˜(X,A∗) = g−1⋆ df(X). If we restrit it to f⋆G, we have
that Θ˜(X,A∗) = Ap. Hene, on f⋆G, we have ω˜G = ω˜K + Θ˜. Θ is Γ-invariant and gives an
element Θ of Ω1(PK) ⊗ p so that ωG = ωK + Θ on PK . The form Θ behaves well under the
right ation of K on PK : R
⋆
kΘ = Ad(k
−1)Θ. Moreover Θ vanishes on vetors tangent to the
bers of PK −→M . Hene Θ an be seen as a 1-form on M with values in the vetor bundle
PK ×Ad p −→M assoiated to PK via the adjoint ation of K on p. One should remark that
this vetor bundle is nothing but the quotient under Γ of the pull-bak f⋆TX of the tangent
bundle TX of X .
Let dG, FG and dK , FK be the ovariant exterior derivatives and the urvature forms
of the onnetion 1-forms ωG and ωK . We have for example dG = d + ad(ωG) and FG =
dωG +
1
2 [ωG, ωG].
Sine ωG = ωK+Θ is at, we have 0 = FG = FK +
1
2 [Θ,Θ]+dKΘ. Deomposing aording
to g = k⊕ p, we obtain {
FK +
1
2 [Θ,Θ] = 0
dKΘ = 0
Moreover, Corlette proved in [Co88℄ that if the representation ρ is redutive, that is if the
Zariski losure of ρ(Γ) is a redutive subgroup of G, then there exists a harmoni ρ-equivariant
map f : M˜ −→ X . In our setting, this means that Θ an be hosen to satisfy the additional
ondition
d⋆KΘ = 0.
Summing up, we see that a redutive representation ρ : Γ −→ G is equivalent to the data
of a onnetion dK on a K-prinipal bundle PK −→M and an element Θ ∈ Ω1(M,PK ×Ad p)
satisfying  FK +
1
2 [Θ,Θ] = 0
dKΘ = 0
d⋆KΘ = 0
(real Higgs equations)
So far we have not taken into aount the fat that M is a Kähler manifold.
2.2. Complex Higgs equations.
Let GC, KC and gC = kC ⊕ pC be the omplexiations of G, K, and g.
The K-prinipal bundle PK an be extended to a KC-prinipal bundle PKC = PK ×K KC.
We still denote by dK the extension of the ovariant exterior derivative to PKC . Θ an be
extended by C-linearity to an element of Ω1
C
(M,PKC ×Ad pC) = Ω0(T ⋆CM ⊗ (PKC ×Ad pC)).
Deomposing aording to types we write dK = d
1,0
K + d
0,1
K and Θ = Θ
1,0 + Θ0,1. We set
θ = Θ1,0 ∈ Ω1,0(M,PKC ×Ad pC). If we all τ the involution of g dened by τ(A) = −tA¯, then
Θ = θ − τ(θ), for θ omes from a real form.
It has been shown by Sampson [Sam86℄ that the harmoniity of the map f and the fat that
X has non positive omplexied setional urvature implies that f is pluriharmoni, whih
an be written d0,1K θ = 0. Moreover the omplexied setional urvature of X vanishes on the
image of the (1,0)-part of f , i.e. on the image of θ. Sine here X is a symmetri spae, the
urvature is given by the Lie braket and the vanishing of the omplexied setional urvature
just means that [θ, θ] = 0. From this it follows that (d0,1K )
2
= 0, namely that d0,1K denes a
holomorphi struture on the prinipal bundle PKC −→ M and on the assoiated omplex
vetor bundle PKC ×Ad pC. The pluriharmoniity of f therefore means that θ is holomorphi
for this holomorphi struture.
Looking at the real Higgs equations, we also obtain that F 1,1K − [θ, τ(θ)] = 0.
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Therefore, starting from a redutive representation ρ, we have onstruted a KC-prinipal
bundle PKC = PK ×K KC over M equipped with a omplex struture ∂¯ = d0,1K , and a setion
θ of Ω1 ⊗ (PKC ×Ad pC), where Ω1 denotes the holomorphi 1-forms on M , satisfying{
[θ, θ] = 0
F 1,1K − [θ, τ(θ)] = 0
(omplex Higgs equations)
2.3. Higgs bundles and stability onditions.
We will all the data of a KC-prinipal bundle PKC together with a holomorphi struture
∂¯ and a setion θ of Ω1⊗ (PKC ×Ad pC) satisfying [θ, θ] = 0 a G-Higgs prinipal bundle on M .
This is a purely holomorphi objet. The setion θ is alled a Higgs eld.
The remaining dierential geometri data, namely the redution PK of the struture group
of PKC to K and the onnetion dK on PK suh that ∂¯ = d
0,1
K and F
1,1
K − [θ, τ(θ)] = 0, an be
rephrased in holomorphi terms with the help of adapted notions of stability for assoiated
vetor bundles. If E is a omplex vetor spae on whih GC ats, we an form the assoiated
vetor bundle E = PKC ×KC E. The holomorphi struture on PKC indues a holomorphi
struture ∂¯ on E. Moreover, pC an be seen as a subspae of End(E), hene we may onsider
θ as a holomorphi (1,0)-form on M with values in a subbundle P of the bundle End(E) (we
will write θ : E −→ E ⊗ Ω1). We will all the holomorphi bundle (E, ∂¯) together with θ a
G-Higgs vetor bundle. We will often abbreviate (E, ∂¯, θ) by (E, θ).
Now the onnetion dK indues a onnetion on E ompatible with its omplex struture
and the urvature of this onnetion an be used to ompute the degree (and the slope) of
saturated subsheaves of E. The ondition F 1,1K − [θ, τ(θ)] = 0 implies that E is polystable in
the following sense [Si88℄.
A G-Higgs vetor bundle (E, ∂¯, θ) is alled stable (resp. semistable) if for every saturated
subsheaf F of E suh that θ(F) ⊂ F ⊗ Ω1 and 0 < rkF < rkE, the slope µ(F) = degFrkF of F
is smaller (resp. not bigger) than the slope µ(E) = degErkE of E. It is alled polystable if it is
the sum of stable G-Higgs vetor bundles of the same slope.
A subsheaf F of E suh that θ(F) ⊂ F ⊗ Ω1 is alled a θ-invariant subsheaf or a Higgs
subsheaf of E. Note that if the Higgs bundle E is polystable and F is a proper Higgs subsheaf
of E with µ(F) = µ(E) then F is in fat a Higgs subbundle of E and E splits as the diret
sum of F with another Higgs subbundle of the same slope [Si88℄.
2.4. Moduli spae, C
⋆
-ation and systems of Hodge bundles.
Let PKC be a xed KC-prinipal bundle on M , E a xed vetor spae over C on whih GC,
hene KC, ats, and let E = PKC ×KC E be the assoiated vetor bundle. Consider the spae
of all holomorphi strutures ∂¯ on PKC ×AdKC kC and all (1,0)-forms θ on M taking values in
the bundle P = PKC ×AdKC pC ⊂ EndE suh that:
- θ is holomorphi w.r.t. the omplex struture indued on P by ∂¯;
- the omplex struture on E indued by ∂¯, still denoted by ∂¯, turns (E, ∂¯, θ) into a
polystable G-Higgs bundle.
The group HC = PKC×AdKC of gauge transformation of PKC ats on this spae of polystable
G-Higgs vetor bundles (E, ∂¯, θ) by pull-bak of the holomorphi struture and onjugay of
the Higgs eld. There is a orresponding moduli spaeM (at least ifM is a projetive variety,
see [Si92, Si94b℄), whih has the struture of an analyti spae.
A very important feature of this moduli spae is that it omes with a natural C
⋆
-ation
given by t.[E, ∂¯, θ] = [E, ∂¯, tθ] for t ∈ C⋆. Moreover, Simpson proved in [Si94b℄ that for any
[E, ∂¯, θ] ∈ M, the limit of [E, ∂¯, tθ] as t ∈ C⋆ goes to zero exists and is unique. The limit is
therefore a xed point of the C
⋆
-ation, and this implies that it has the struture of a so-alled
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system of Hodge bundles [Si88, Si92℄. More preisely, this means that E with the limiting
holomorphi struture splits holomorphially as a sum E1 ⊕ . . . ⊕ Ek of holomorphi vetor
bundles and that the limiting Higgs eld in P is given by a olletion of holomorphi maps
θi : Ei −→ Ei+1 ⊗ Ω1, 1 ≤ i ≤ k (with the onvention that Ek+1 = {0}). We will abuse
notation and use the following kind of diagram:
E1
θ1−→ E2 θ2−→ . . . θk−1−→ Ek θk−→ 0
to denote suh a system of Hodge bundles.
3. The ase G = SU(p, 2)
In this setion we prove the main theorem for representations into G = SU(p, 2). However,
some arguments and results are valid in the general ase G = SU(p, q), p ≥ q, and therefore
we will speialize to the ase q = 2 only when neessary.
3.1. The Hermitian symmetri spae SU(p, q)/S(U(p) ×U(q)).
3.1.1. General fats.
The reader should onsult [He01, Sat80℄ for details about this setion.
Let E be a omplex vetor spae of dimension p + q, with p ≥ q ≥ 1, endowed with a
non-degenerate Hermitian form F of signature (p, q). Let W be a q-dimensional omplex
subspae of E on whih F is negative-denite, and let V be its F -orthogonal omplement, so
that E = V⊕W. The symmetri spae X is dened as the spae of all q-dimensional omplex
subspaes of E on whih F is negative-denite. It is an open submanifold of the omplex
Grassmannian of q-planes of E. When q = 1, X is omplex hyperboli spae of (omplex)
dimension p whih we denote by Hp
C
.
After an appropriate hoie of basis, we see that the group G = SU(p, q) ats transitively
on X by analyti isomorphisms, while the isotropy subgroup K of G at W is identied with
the maximal ompat subgroup S(U(p)× U(q)) of SU(p, q), so that X an be identied with
SU(p, q)/S(U(p) ×U(q)).
Let g be the Lie algebra of G, k ⊂ g the Lie algebra of K and g = k⊕ p the orresponding
Cartan deomposition. We have the following matrix expressions:
k =
{(
X1 0
0 X2
)
, X1 ∈Mp(C), X2 ∈Mq(C), tX¯i = −Xi (i = 1, 2), trX1 + trX2 = 0
}
,
p =
{(
0 A
tA¯ 0
)
, A ∈Mp,q(C)
}
≃R HomC(W,V).
The tangent spae ToX at o ∈ X will be identied with p. More generally, the tangent
bundle TX of X is the bundle G×AdK p assoiated to theK-prinipal bundle G −→ X = G/K
via the adjoint ation of K on p. The omplex struture J on ToX is given by
J
(
0 A
tA¯ 0
)
=
(
0 iA
−itA¯ 0
)
whereas the G-invariant Kähler metri gX on X is dened at o by
gX (X,Y ) = 2tr (Y X) = 4Re tr
(
tB¯A
)
, if X =
(
0 A
tA¯ 0
)
, Y =
(
0 B
tB¯ 0
)
∈ p.
The orresponding Kähler form will be denoted by ωX = gX (J., .).
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The omplexiations GC of G and KC of K are respetively SL(p+q,C) and S(GL(p,C)×
GL(q,C)). The Lie algebra gC of GC splits as kC ⊕ pC where kC is the Lie algebra of KC and
pC = p⊗C =
{(
0 A
B 0
)
, A ∈Mp,q(C) , B ∈Mq,p(C)
}
≃C HomC(W,V)⊕HomC(V,W).
The extended omplex struture J ⊗ Id ating on pC has two eigenspaes
p1,0 =
{(
0 A
0 0
)
, A ∈Mp,q(C)
}
≃C HomC(W,V)
and
p0,1 =
{(
0 0
A 0
)
, A ∈Mq,p(C)
}
≃C HomC(V,W).
The omplexied tangent bundle TCX of X is isomorphi to G×AdK pC ≃ (G×K KC)×AdKC
pC, whereas the holomorphi tangent bundle T
1,0X is isomorphi to G ×AdK p1,0 ≃ (G ×K
KC) ×AdKC p1,0. There is a natural Hermitian metri on the holomorphi tangent bundle of
X given on T 1,0o X ≃Mp,q(C) by h(A,B) = 4tr
(
tB¯A
)
.
The holomorphi setional urvature for the omplex line 〈X〉 generated by a nonzero
X =
(
0 A
tA¯ 0
)
∈ ToX , or equivalently by a non-zero
(
0 A
0 0
)
∈ T 1,0o X , is given by
K(〈X〉) = − tr
((
tA¯A
)2)(
tr
(
tA¯A
))2 .
This formula shows that K(〈X〉) is pinhed between −1 and −1/q and that K(〈X〉) = −1/q
if and only if the olumn vetors of A are pairwise orthogonal and have the same norm (for
the standard Hermitian salar produt in C
p
).
The metri gX is Einstein and with our normalization, its Rii urvature tensor is −p+q2 gX .
3.1.2. Maximal embeddings.
There is a natural identiation of X = SU(p, q)/S(U(p) × U(q)) with the spae {Z ∈
Mp,q(C) , Iq − tZ¯Z > 0} [Sat80℄. Therefore if m ≤ p/q, we have a holomorphi totally
geodesi embedding of omplex hyperboli spae H
m
C
= SU(m, 1)/S(U(m) × U(1)) into X
given by
(⋆) HmC ∋ z =

z1
z2
.
.
.
zm
 7−→ Z =

z1Iq
z2Iq
.
.
.
zmIq
0p−qm,q
 ∈ X .
This shows that X ontains totally geodesi opies of omplex hyperboli m-spae of holo-
morphi setional urvature −1/q, for all m ≤ p/q. The next lemma implies that [p/q] is the
maximal possible dimension of suh submanifolds:
Lemma 3.1. Let S be a omplex linear subspae of T 1,0o X . If, for every nonzero A ∈ S,
K(〈A〉) = −1/q, then dimCS ≤ p/q.
Proof. The metri and the holomorphi setional urvature are obviously invariant under the
left ation of U(p) on T 1,0o X ≃Mp,q(C).
Let {A1, . . . , Ad} be an orthonormal basis of S. We are going to show that there exists
U ∈ U(p) suh that
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UAk =
1
2
√
q
 0(k−1)q,qIq
0p−kq,q
 , k = 1, . . . , d.
Sine the olumn vetors of eah Ai are pairwise orthogonal and have the same norm, there
exists U1 ∈ U(p) suh that
U1A1 =
1
2
√
q
(
Iq
0p−q,q
)
.
Now, for any (λ, µ) ∈ C2\{(0, 0)}, t (λA1 + µA2)(λA1+µA2) must be a (nonzero) multiple of
Iq. This implies that for any (λ, µ), λ¯µ
tA¯1A2 + λµ¯A1
tA¯2 is a multiple of Iq (beause
tA¯1A1
and
tA¯2A2 are). Moreover, it is trae free beause A1 and A2 are orthogonal. Thus,
tA¯1A2 = 0
(that is eah olumn vetor of A1 is orthogonal to every olumn vetor of A2) and there exists
U2 ∈ U(p) suh that U2U1A1 = U1A1 and
U2U1A2 =
1
2
√
q
 0q,qIq
0p−2q,q
 .
One might ontinue this proess and after d steps, one obtains U = Ud . . . U1. It is then
lear that d must be less than or equal to p/q. 
The embedding (⋆) will be denoted by fmax and alled the maximal embedding of H
m
C
into X . This is beause fmax⋆gX = q g, that is, for any x ∈ HmC and any X ∈ TxHmC ,
gX (dfmax(X),dfmax(X)) = q g(X,X), while for a general holomorphi map f : HmC −→ X
we only know that f⋆gX ≤ q g from the Ahlfors-Shwarz-Pik lemma (see for example [Ro80,
Theorem 2℄). Moreover,
Proposition 3.2. Let f : Hm
C
−→ X = SU(p, q)/S(U(p) × U(q)) be a holomorphi map suh
that f⋆gX = q g holds everywhere. Then p/q ≥ m and f is totally geodesi. In fat, up to
omposition with an isometry of X , f is the maximal embedding fmax.
Proof. If X is a nonzero tangent vetor at x ∈ Hm
C
, we denote by Cx,X the omplex geodesi
through x that is tangent to X. Let z be a (global) omplex oordinate on Cx,X and let
ρ2 |dz|2 (resp. σ2 |dz|2) be the Hermitian metri indued by g (resp. f⋆gX = q g) on Cx,X . The
Gaussian urvature of ρ (resp. σ) is given by K = − 1
ρ2
∆ log ρ (resp. k = − 1
σ2
∆ log σ). Sine
Cx,X ⊂ HmC is totally geodesi, we have K ≡ −1. Moreover, beause of the holomorphiity
of f , k is bounded from above by −1/q whih is the maximum of the holomorphi setional
urvature on X and k ≡ −1/q i the restrition of f to Cx,X is totally geodesi. But σ = √q ρ
and so
k = − 1
σ2
∆ log σ = − 1
qρ2
∆ log ρ =
1
qρ2
ρ2K = −1
q
.
Thus, k ≡ −1/q and, sine this is true for any (x,X), f must be totally geodesi.
Let o = 0m,1 (resp. o
′ = 0p,q) be xed origins in HmC (resp. in X ). One may suppose
(after omposition with an isometry of X ) that f(o) = o′. A onsequene of the preeding
disussion is that df(ToH
m
C
) is a m-dimensional omplex subspae of To′X on whih the
restrition of the holomorphi setional urvature is onstant, equal to −1/q. By the proof of
Lemma 3.1, we know that m ≥ p/q and that, after omposition of f with a suitable isometry,
df|ToHmC = dfmax|ToHmC . By uniqueness of the totally geodesi map satisfying this ondition,
one has f = fmax. 
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Another maximal embedding of H
m
C
into X = SU(p, q)/S(U(p) × U(q)) (p/q ≥ m) is given
by
f ′max : z =

z1
z2
.
.
.
zm
 7−→ Z =

z 0 · · · 0
0 z · · · 0
.
.
.
.
.
.
.
.
.
.
.
.
0 0 · · · z
0 0 · · · 0
.
.
.
.
.
.
.
.
.
.
.
.
0 0 · · · 0

.
From the previous proposition (it an also be easily veried by hand), this embedding is equal
to fmax omposed with an isometry of X . The geometri piture is maybe learer here: f ′max
is a diagonal embedding of H
m
C
into (Hm
C
)q ⊂ X orresponding to a (diagonal) embedding
of SU(m, 1) into SU(m, 1)q ⊂ SU(p, q). Moreover the stabilizer in SU(p, q) of the image of
f ′max an be omputed quite easily. First, let us onsider the subgroup of U(p, q) onsisting of
elements of the form: 
A11 · · · A1q 0 B11 · · · B1q
.
.
. · · · ... 0 ... · · · ...
Aq1 · · · Aqq 0 Bq1 · · · Bqq
0 · · · 0 U 0 · · · 0
C11 · · · C1q 0 d11 · · · d1q
.
.
. · · · ... 0 ... · · · ...
Cq1 · · · Cqq 0 dq1 · · · dqq

where Aij ∈Mm(C), Bij ∈Mm,1(C), Cij ∈M1,m(C), dij ∈ C and U ∈ U(r) (r = p− qm).
Let us denote by Sq the symmetri group on q letters, and by U(1)
q
⋊ Sq the semi-diret
produt of U(1)q by Sq given by the group operation (α, σ).(β, τ) = (α.σ(β), τ ◦ σ).
Dene a group homomorphism ϕ of (U(1)q ⋊ Sq)× SU(m, 1)×U(r) in the above subgroup
of U(p, q) in the following way: if α = (α1, . . . , αq) ∈ U(1)q , σ ∈ Sq, u ∈ U(r) and
g =
(
A B
C d
)
∈ SU(m, 1) (where A ∈Mm(C), B ∈Mm,1(C), C ∈M1,m(C), d ∈ C),
the image of (α, σ, g, u) in U(p, q) is the matrix dened by Aiσ(i) = αiA, Biσ(i) = αiB,
Ciσ(i) = αiC, diσ(i) = αid, U = u, and the other oeients are zero.
Then Kerϕ is isomorphi to Z/(m+1)Z and the stabilizer in SU(p, q) of the image of f ′max
is Imϕ ∩ SU(p, q).
3.2. Toledo invariant and SU(p, 2)-Higgs bundles.
Now we onsider a redutive representation ρ of a torsion-free uniform lattie of SU(m, 1),
m > 1, into the Lie group of Hermitian type G = SU(p, q), p ≥ q ≥ 1. Let M be the losed
omplex hyperboli manifold Γ\Hm
C
. As explained in the introdution, the Toledo invariant
an be expressed using the degree of the pull-bak of the holomorphi tangent bundle T 1,0X
of X = G/K by any ρ-equivariant map f : Hm
C
−→ X , whih we an hoose to be harmoni.
Let then (PKC , θ) be the G-prinipal Higgs bundle on M assoiated to ρ and f as in setion 2
and let E be the holomorphi vetor bundle on M assoiated to PKC via the ation of KC
on E = V ⊕ W. Sine KC respets the deomposition E = V ⊕ W, the bundle E splits
holomorphially as the sum of the rank p subbundle V = PKC×KCV with the rank q subbundle
W = PKC ×KC W. As a dierentiable bundle E is the bundle assoiated to the at prinipal
bundle PG via the ation ofG on E: it is at, hene of degree 0. In partiular, degV = −degW .
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The Higgs eld θ is a holomorphi (1,0)-form taking values in the bundle PKC ×AdKC pC =
Hom(W,V )⊕Hom(V,W ) so that we an write (see also [Xi00, BGG03℄)
θ =
(
0 β
γ 0
)
, where
{
β : W −→ V ⊗Ω1
γ : V −→W ⊗ Ω1
Reall that the Higgs vetor bundle (E, θ) is polystable.
It is lear that the bundle f⋆T 1,0X is nothing but the bundle Hom(W,V ) and therefore
its degree is simply given by p degW ⋆ + q deg V = −(p + q)degW . We obtain that τ(ρ) =
4π
m!degW , so that the Milnor-Wood type inequality that should hold reads
|degW | ≤ q
m+ 1
degΩ1.
Therefore, for q = 2 and ρ redutive, our main theorem an be reformulated:
Theorem 3.3. Let Γ be a torsion free uniform lattie in SU(m, 1), m > 1, and let ρ : Γ −→
SU(p, 2) be a redutive representation. Let E = V ⊕W be the SU(p, 2)-Higgs vetor bundle on
M = Γ\Hm
C
assoiated to ρ. Then |degW | ≤ 2
m+1 degΩ
1
with equality if and only if m ≤ p/2
and, up to onjugay, ρ is indued by the maximal embedding fmax : H
m
C
−→ X or by its
onjugate.
If we deform the Higgs bundle (E, θ) via the C⋆-ation on the moduli spae as in setion 2,
we obtain a system of Hodge bundles:
E1
θ1−→ E2 θ2−→ . . . θk−1−→ Ek θk−→ 0.
Moreover, eah subbundle Ei splits as Ei = Vi ⊕ Wi with Vi ⊂ V and Wi ⊂ W , and θi
deomposes as γi ⊕ βi, where γi : Vi −→ Wi+1 ⊗ Ω1 and βi : Wi −→ Vi+1 ⊗ Ω1. We obtain
two Higgs subbundles
V1 −→W2 −→ V3 −→W4 −→ . . . −→ 0
and
W1 −→ V2 −→W3 −→ V4 −→ . . . −→ 0
whih are again polystable of degree 0.
So far everything we said was valid in the general rank q ase. Now we will need the
assumption that q = 2 to ensure that the systems of Hodge bundles we obtain are simple ones
and/or that the deomposition of W is maximal in the sense that W splits into a sum of line
bundles. Indeed, if W has rank 2, we see that by regrouping and renaming the subbundles if
neessary, we an write our system of Hodge bundles either as a polystable Higgs bundle of
the form
V1
γ1−→W β−→ V2 γ2−→ 0
with V1 ⊕ V2 = V , or as a polystable Higgs bundle of the form
V1
γ1−→W1 β1−→ V2 γ2−→ W2 β2−→ V3 γ3−→ 0
where W1 and W2 are line bundles, W1 ⊕W2 =W and V1 ⊕ V2 ⊕ V3 = V .
3.3. Proof of the Milnor-Wood type inequality.
The ase of non redutive representations will be postponed to Paragraph 3.3.3. Until then,
the representation ρ : G −→ SU(p, 2) is assumed to be redutive so that we an apply the
results of Setion 3.2. Our proof of the inequality |degW | ≤ 2
m+1 degΩ
1
will be dierent
aording to the form of the system of Hodge bundles we obtain by deforming the polystable
Higgs bundles E = V ⊕W via the C⋆-ation. Note that the deformation hanges the holomor-
phi strutures of E, V and W , but not their isomorphism lasses as dierentiable omplex
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vetor bundles, hene their degrees remain unhanged. During the proof, we will see that if
equality holds, some bundles have stability properties (in the usual sense) that will be useful
for the study of maximal representations in Setion 3.4.
We refer to [VZ05, HL97℄ for general fats about sheaves and stability.
3.3.1. System of Hodge bundles of the type V1−→W−→V2−→0.
Here the important point is that the system of Hodge bundles we are dealing with is a
ternary bundle, and no limitation on the rank of W is needed. Hene the results of this
paragraph are valid in the general ase rkW = q ≥ 1.
Let F be the maximal destabilizing subsheaf of W , that is, the rst term in the Harder-
Narasimhan ltration of W [VZ05, HL97℄. By denition, F has maximal slope among the
subsheaves of W , hene is semistable. Consider the restrition βF : F ⊗ T 1 −→ V2. Sine θ
vanishes on V2, F ⊕ ImβF is a Higgs subsheaf and hene by stability, deg ImβF ≤ −degF .
Now, the tensor produt of two semistable sheaves is again semistable and hene F ⊗ T 1
is semistable. Therefore we have µ(F) + µ(T 1) = µ(F ⊗ T 1) ≤ µ(ImβF ) whih implies
(rkβF + rkF)µ(F) ≤ rkβFµ(Ω1). Thus,
degW ≤ qµ(F) ≤ q rkβF
rkβF + rkF
degΩ1
m
≤ q
m+ 1
degΩ1
where the rst inequality follows from the fat that F is of maximal slope among the subsheaves
in W , and the last from rkβF ≤ mrkF .
The remaining inequality is obtained exatly in the same way by onsidering the dual Higgs
bundle
V ⋆2
tβ−→W ⋆
tγ1−→ V ⋆1 −→0.
Assume that equality holds, for example that degW = q
m+1degΩ
1
. Then, retraing our
steps, we see that W must be a semistable bundle (in the usual sense), that we must have
rkβ = mq, i.e. β : W ⊗ T 1 −→ V generially injetive, and moreover that degW ⊕ Imβ = 0.
This last fat implies by polystability that E splits as the sum of (W ⊕ Imβ, β) with an other
polystable Higgs bundle E′ of degree 0. In our ase, this means that V2 splits holomorphially
as Imβ ⊕ V ′2 and that γ1 vanishes. E′ is then the polystable (in the usual sense) subbundle
V1 ⊕ V ′2 of V .
In the same manner, we nd that deg V = q
m+1degΩ
1
implies thatW is a semistable bundle,
β = 0, V1 splits holomorphially as Ker γ1 ⊕ V ′1 , and γ1 : V ′1 −→ W ⊗ Ω1 is an isomorphism.
Our system of Hodge bundle is the sum of the Higgs bundle (V ′1 ⊕W,γ1) with the polystable
subbundle Ker γ1 ⊕ V2 of V .
3.3.2. System of Hodge bundles of the type V1−→W1−→V2−→W2 −→ V3 −→ 0.
Here, we need to assume that rkW = q = 2, namely that W1 and W2 are line bundles.
Assume rst that β1 :W1 ⊗ T 1 −→ V2 vanishes. We then have to deal with the sum of two
polystable Higgs bundles of degree 0: V1 −→ W1 −→ 0 and V2 −→ W2 −→ V3 −→ 0. In this
situation, we already know from 3.3.1 that 0 ≤ deg V1 ≤ 1m+1degΩ1 and |deg (V2 ⊕ V3)| ≤
1
m+1degΩ
1
whih gives the result.
We are left with the ase where β1 : W1 ⊗ T 1 −→ V2 is non zero.
Consider γ1 : V1 −→ W1⊗Ω1. We have deg V1 = degKer γ1+deg Im γ1 ≤ rk γ1 µ(W1⊗Ω1)
sine Ker γ1 is θ-invariant and W1 ⊗ Ω1 is a semistable bundle, being the produt of a stable
bundle by a line bundle. Sine degW1 = −(deg V1 + deg V2 + degW2 + deg V3) we obtain
deg V1 ≤ rkγ1
1 + rk γ1
degΩ1
m
− rk γ1
1 + rkγ1
(deg V2 + degW2 + degV3).
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In the same way,
deg V2 ≤ rkγ2
1 + rk γ2
degΩ1
m
− rk γ2
1 + rkγ2
(deg V1 + degW1 + degV3).
Hene,
deg V ≤
(
rk γ1
1 + rkγ1
+
rk γ2
1 + rk γ2
)
degΩ1
m
+(
rk γ2
1 + rkγ2
− rk γ1
1 + rk γ1
)
(deg V2 + degW2 + degV3) +
(
1− rk γ2
1 + rk γ2
)
degV3.
Now the ommutation relation [θ, θ] = 0 gives us ontrol on the rank of the γi's:
Lemma 3.4. Assume that βi : Wi ⊗ T 1 −→ Vi+1 is non zero. Then the rank of γi : Vi −→
Wi ⊗ Ω1 is at most 1.
Proof . This is linear algebra. We work in a single ber above some point in M . We write
Wi = Cwi. Sine βi is non zero, there exists Z ∈ T 1 suh that βi(Z)wi 6= 0. Assume that
the rank of γi is at least 2 at some point. Then we an nd two linearly independent forms
α,α′ and two vetors v, v′ in Vi suh that γi(v) = wi ⊗ α and γi(v′) = wi ⊗ α′. Now, the
ommutation relation [θ, θ] = 0 means in partiular that for all X,Y ∈ T 1 and all u ∈ V ,
βi(X)γi(Y )u = βi(Y )γi(X)u.
If we take u = v, Y = Z and X suh that α(X) 6= 0, we get α(Z)βi(X)wi = α(X)βi(Z)wi,
whih implies that α(Z) and βi(X)wi are dierent from zero. So if now X
′
is suh that
α(X ′) = 0, βi(X ′)wi = 0. We an hoose suh an X ′ with the additional property that
α′(X ′) 6= 0, sine α and α′ are independent. This is a ontradition sine we ould have taken
u = v′ to prove that βi(X ′)wi 6= 0 if α′(X ′) 6= 0. 
We assumed that β1 : W1 ⊗ T 1 −→ V2 is non zero, hene rk γ1 ≤ 1. If rk γ2 ≥ rk γ1, using
the fat that deg V2+degW2+deg V3 and deg V3 are both non positive, and sine rk γ2 ≤ m,
we get
degV ≤ 3m+ 1
2m(m+ 1)
degΩ1 ≤ 2
m+ 1
degΩ1,
and the last inequality is strit as soon as m > 1. If rk γ2 < rkγ1, that is if rk γ1 = 1 and
rkγ2 = 0, we are in the ase V1 −→W1 −→ V2 −→ 0 and hene
deg V ≤ deg (V1 ⊕ V2) = −degW1 ≤ 1
m+ 1
degΩ1.
One again, the remaining inequalities are obtained by looking at the dual Higgs bundle
V ⋆3
tβ2−→W ⋆2
tγ2−→ V ⋆2
tβ1−→W ⋆1
tγ1−→ V ⋆1 −→0.
Assume we are in the equality ase and m > 1. If deg V = 2
m+1degΩ
1
, β1 :W1⊗T 1 −→ V2
vanishes, and the equalities deg V1 =
1
m+1degΩ
1 = deg (V2 ⊕ V3) hold. We saw in 3.3.1
that in this situation, β2 = 0 and there exists holomorphi subbundles V
′
i ⊂ Vi suh that
γi : V
′
i −→Wi ⊗ Ω1 are isomorphisms for i = 1, 2.
If degW = 2
m+1degΩ
1
, we nd that for i = 1, 2, γi = 0 and there exists a holomorphi
subbundle V ′i ⊂ Vi suh that βi :Wi ⊗ T 1 −→ V ′i is an isomorphism.
In either ases, degW1 = degW2 and W with the deformed omplex struture is polystable
hene semistable.
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3.3.3. Non redutive representations.
Assume now that the representation ρ : Γ −→ G = SU(p, 2) is not redutive. This implies
that ρ(Γ) xes a point ξ on the boundary at innity X (∞) of X ([La91℄). Let us x an origin
o ∈ X and let c be the unit speed geodesi ray starting from o representing ξ. Let g = k⊕ p
be the Cartan deomposition of g assoiated to o and let X ∈ p be suh that X = c˙(0) in the
usual identiation of p with ToX . We have the following desription of the stabilizer Gξ of ξ
in G (see for example [Eb96℄):
Gξ = {g ∈ G | lim
t→+∞ exp(−tX) g exp(tX) exists} = Kξ.Aξ.Nξ
where Aξ = exp({Y ∈ p | [X,Y ] = 0}), Nξ = {g ∈ Gξ | lim
t→+∞ exp(−tX) g exp(tX) = 1}, and
Kξ = Gξ ∩K.
By assumption ρ(Γ) ⊂ Gξ and we an onsider the so-alled semi-simpliation ρss of ρ
whih is dened by ρss(γ) = limt→+∞ exp(−tX) ρ(γ) exp(tX) ∈ Kξ.Aξ for all γ ∈ Γ. The
representation ρss belongs to the onneted omponent of ρ in the spae Hom(Γ, G) and is
redutive: we an apply the results of the last paragraphs to get the Milnor-Wood bound on
τ(ρ) = τ(ρss).
In fat we an do better. The representation ρss stabilizes the orbit Kξ.Aξ.o = Aξ.o, whih
is a totally geodesi submanifold of X . It is not diult to see (and probably well known)
that this orbit is either a totally real totally geodesi submanifold of X (for example, if c is
a regular geodesi, it is the unique maximal at, isometri to R
2
in our ase, ontaining c),
or the Riemannian produt of R with a totally geodesi opy of omplex hyperboli spae
H
p−1
C
(of indued holomorphi setional urvature −1). In the rst ase the Toledo invariant
is zero sine the restrition of the Kähler form ωX to a totally real submanifold vanishes. In
the seond one it is bounded (in absolute value) by Vol(M).
Therefore non redutive representations an not be maximal.
3.4. Maximal representations.
Thanks to the previous paragraph, we know that if the representation ρ is maximal, it is
redutive. Therefore we may onsider the polystable Higgs bundles (E = V ⊕W, θ) assoiated
to ρ.
In order to prove the Milnor-Wood type inequality |degW | ≤ 2
m+1 degΩ
1
, we have deformed
the Higgs bundle E to a system of Hodge bundles. Here, we need to distinguish between these
two Higgs bundles, and we will all the latter (E0 = V0 ⊕W0, θ0). Let ∂¯W and ∂¯W0 be the
omplex struture of W and W0. Again, although the omplex struture is (by denition) not
modied by the C
⋆
-ation, in the limit ∂¯W0 is a priori dierent from ∂¯W . In fat, all we know
is that ∂¯W0 is in the losure of the orbit of ∂¯W under the group of gauge transformations: i.e.
there exist gauge transformations gti suh that g
⋆
ti
∂¯W goes to ∂¯W0 when ti goes to 0. Let us
all Wti the bundle W with the omplex struture g
⋆
ti
∂¯W .
The main point of Setion 3.3, apart from the proof of the inequality itself, was that
|degW | = 2
m+1 degΩ
1
implies that the bundle W0 is semistable (in the usual sense). This
implies that W itself is semistable (regardless of the rank of W ):
Lemma 3.5. Assume that W with its initial omplex struture ∂¯W is not a semistable bundle.
Then W0, that is W with the omplex struture ∂¯W0 , is not semistable either.
Proof . Let F be a subsheaf of (W, ∂¯W ) suh that µ(F) > µ(W ). Let r be the rank of F .
We have a monomorphism of sheaves F −→ W and therefore, for all i ∈ N, we obtain a
monomorphism of sheaves F −→ Wti . This gives non trivial holomorphi maps between the
determinant bundle detF = (∧r F)⋆⋆ of F and ∧rWti . This means that for all i ∈ N, the
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ohomology group H0(M,Hom(detF ,∧rWti)) is at least one dimensional. By the upper
semiontinuity of ohomology (see Kobayashi [Ko87℄), there exists a non-trivial holomorphi
map detF −→ ∧rW0. Let I be its image. Sine detF is stable (it is a line bundle), we have
µ(I) ≥ µ(detF) = rµ(F) > rµ(W ) = rµ(W0) = µ(
r∧
W0).
Hene
∧rW0 is not semistable, and neither is W0. 
Summing up, we proved
Proposition 3.6. Let ρ : Γ −→ SU(p, 2) be a maximal representation and let E = V ⊕W
be the assoiated SU(p, 2)-Higgs bundle on M = Γ\Hm
C
. Then W is a semistable holomorphi
bundle.
The semistability of W is a very strong property and Theorem 3.3 follows from
Theorem 3.7. Let Γ be a torsion-free uniform lattie in SU(m, 1), m > 1, and ρ : Γ −→
SU(p, q), p ≥ q ≥ 1, be a redutive representation. Let E = V ⊕W be the assoiated SU(p, q)-
Higgs bundle on M = Γ\Hm
C
. Assume moreover that W is semistable. Then |degW | ≤
q
m+1 degΩ
1
, with equality if and only if m ≤ p/q and, up to onjugay, ρ is indued by the
maximal embedding fmax : H
m
C
−→ X or by its onjugate.
Proof. Consider β : W ⊗ T 1 −→ V and argue as in 3.3.1 with F = W and V2 = V to get the
bound degW ≤ q
m+1 degΩ
1
, with equality if β is injetive and W ⊕ Imβ has degree zero and
hene is a polystable Higgs subbundle of E. Now, we have the
Lemma 3.8. If m > 1 and β :W ⊗ T 1 −→ V is injetive, γ vanishes identially.
Proof of the lemma. This is again a onsequene of the relation [θ, θ] = 0, whih in our
ase reads β(X)γ(Y )v = β(Y )γ(X)v for all X,Y ∈ T 1 and all v ∈ V . Let {w1 . . . , wq}
be a basis of W above some point x ∈ M . We an write γ(X)v = ∑qi=1 λi(X, v)wi and
γ(Y )v =
∑q
i=1 λi(Y, v)wi. But this implies that
q∑
i=1
λi(Y, v)β(X)wi =
q∑
i=1
λi(X, v)β(Y )wi.
Sine m > 1, we an take X and Y to be linearly independent and the injetivity of β implies
that β(X)w1, . . . , β(X)wq , β(Y )w1, . . . , β(Y )wq are linearly independent vetors in V , hene
that λi(X, v) = λi(Y, v) = 0 for all i, namely that γ = 0. 
Therefore degW = q
m+1 degΩ
1
implies that γ = 0, hene that ∂0,1f = 0, i.e. the harmoni
map f is holomorphi. The theorem easily follows. We know from the Alhfors-Shwarz-Pik
lemma that f⋆gX ≤ q g. But this implies that the inequality 〈f⋆ωX , ω〉 ≤ 2mq is pointwise
true whereas degW = q
m+1degΩ
1
means that τ(ρ) = 12m
∫
M
〈f⋆ωX , ω〉 dV = qVol(M), so that
in fat f⋆gX = q g holds everywhere. Proposition 3.2 yields that f = fmax, up to omposition
with an isometry of X .
To get the inequality degW ≥ − q
m+1 degΩ
1
, onsider the map γ : V −→W ⊗Ω1. We have
degV = degKer γ + deg Im γ. Sine Ker γ is θ-invariant, degKer γ ≤ 0. By semistability of
W , deg Im γ ≤ rk γ(1
q
degW + 1
m
degΩ1). Hene
degV ≤ q rkγ
q + rkγ
degΩ1
m
≤ q
m+ 1
degΩ1
with equality if and only if rk γ = qm, i.e. γ is generially onto, and degKer γ = 0, i.e. Ker γ
is a polystable subbundle of E.
Again, the fat that [θ, θ] = 0 yields that β = 0, i.e. f is antiholomorphi:
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Lemma 3.9. If m > 1 and γ : V −→W ⊗ Ω1 is onto, β vanishes identially.
Proof of the lemma. Let X ∈ T 1 and w ∈ W . Let α ∈ Ω1, α 6= 0, be suh that
α(X) = 0. Take v ∈ V suh that γ(v) = w ⊗ α. Then for all Y ∈ T 1, we have
on the one hand β(X)γ(Y )v = β(X)(α(Y )w) = α(Y )β(X)w and on the other hand
β(X)γ(Y )v = β(Y )γ(X)v = α(X)β(Y )w = 0. We may nd Y suh that α(Y ) 6= 0, for
m is greater than 1. Hene β(X)w = 0. 
The rest of the proof goes like in the holomorphi ase. 
3.5. Proof of Proposition 1.2.
We use freely what has been done in Setions 3.2 and 3.3. If the representation ρ is not
redutive, we onsider its semi-simpliation instead. Considering the polystable Higgs bundle
E = V ⊕W assoiated to ρ, we want to prove the inequality
|degW | ≤ 2p
p+ 2
degΩ1
m
.
The proof again depends on the type of system of Hodge bundle we obtain by deforming E
via the C
⋆
-ation.
3.5.1. System of Hodge bundles of type V1 −→W −→ V2 −→ 0.
As in Paragraph 3.3.1, we need no restrition on the rank of W here. So let q = rkW ≥ 1.
We use the method of Viehweg and Zuo [VZ05℄. They work with a binary system of Hodge
bundles (V1 = 0) so we explain how to adapt their proof to the ternary ase. We try to t to
their notations as muh as possible. Dualizing the Higgs bundle if neessary, we may suppose
that degW > 0. We also suppose that no subsheaf of V2 has a slope equal to zero. In fat,
eah subsheaf of V2 has non positive slope beause θ|V2 = 0 and if its slope is equal to zero,
then the Higgs bundle splits as a sum of two polystable Higgs bundles of degree zero with one
ontained in V2.
Let us onsider the Harder-Narasimhan ltrations [VZ05, HL97℄
0 =W 0 ⊂W 1 ⊂ · · · ⊂W l′′ =W
and
0 = V 02 ⊂ V 12 ⊂ · · · ⊂ V l
′
2 = V2
of W and V2. Let l be the maximum of all j verifying µ(W
j/W j−1) > 0. Remark that l ≥ 1
beause µ(W 1) ≥ µ(W ) > 0.
We onstrut by indution two sequenes
0 = j0 < j1 < · · · < jr = l and 0 = j′0 < j′1 < · · · < j′r ≤ l′
in the following way:
Suppose that jk−1 and j′k−1 are dened. If jk−1 < l, let j
′
k be the minimal number with
β(W jk−1+1) ⊂ V j
′
k
2 ⊗ Ω1, and jk be the maximum of all j ≤ l verifying β(W j) ⊂ V
j′
k
2 ⊗ Ω1.
Then, we have non trivial morphisms
W jk−1+1
W jk−1
−→ V
j′
k
2
V
j′
k
−1
2
⊗ Ω1.
Beause of the semistability of all involved sheaves, we get
µ
(
W jk−1+1
W jk−1
)
≤ µ
(
V
j′
k
2
V
j′
k
−1
2
)
+ µ(Ω1)
18 VINCENT KOZIARZ AND JULIEN MAUBON
for eah k. We set Ek =W jk⊕V j
′
k
2 . The sequene (E
k)0≤k≤r denes a ltration of W jr ⊕V j
′
r
2
by Higgs subsheaves, and we denote the suessive quotients by F k = Ek/Ek−1 = F kW ⊕ F kV2 ,
where F kW =W
jk/W jk−1 and F kV2 = V
j′
k
2 /V
j′
k−1
2 .
From the properties of the Harder-Narasimhan ltrations, we have
µ(F k−1W ) = µ
(
W jk−1
W jk−2
)
≥ µ
(
W jk−1
W jk−1−1
)
> µ
(
W jk−1+1
W jk−1
)
≥ µ
(
W jk
W jk−1
)
= µ(F kW )
and
µ(F kV2) = µ
(
V
j′
k
2
V
j′
k−1
2
)
≥ µ
(
V
j′
k
2
V
j′
k
−1
2
)
> µ
(
V
j′
k
+1
2
V
j′
k
2
)
≥ µ
(
V
j′
k+1
2
V
j′
k
2
)
= µ(F k+1V2 ).
In partiular, we get for all 1 ≤ k ≤ r,
µ(F kW )− µ(F kV2) ≤ µ(Ω1)
and
µ(F 1W ) > µ(F
2
W ) > · · · > µ(F rW ) > 0 > µ(F 1V2) > µ(F 2V2) > · · · > µ(F rV2).
Viehweg and Zuo then dene the following quantities:
• ck = degF k,
• µWk = µ(F kW ), µV2k = µ(F kV2),
• rWk = rk (F kW ),
• rV2k = rk (F kV2)−
ck
µV2k
.
With these denitions, we an write the above inequalities
µWk − µV2k ≤ µ(Ω1) for all 1 ≤ k ≤ r, and µW1 > · · · > µWr > 0 > µV21 > · · · > µV2r .
We verify the properties IIV of Claim 2.2 in [VZ05℄ (reall that in the present situation,
we may have jr < l
′′
):
I. Eah rV2k = −
µW
k
rW
k
µ
V2
k
and hene is positive.
II. Here we need some adaptations. For eah 0 ≤ k ≤ r, the number∑ki=1 ci is non positive
beause Ek is a Higgs subsheaf. Moreover (if we set p1 = rkV1)
p1 +
r∑
k=1
rV2k + rk (V2/V
j′r
2 )− p =
r∑
k=1
rV2k −
r∑
k=1
rk (F kV2) = −
r∑
k=1
ck
µV2k
= − 1
µV2r
( r∑
i=1
ci
)
+
r−1∑
k=1
µV2k − µV2k+1
µV2k µ
V2
k+1
( k∑
i=1
ci
)
≤ 0.
Thus, p ≥ p1 +
∑r
k=1 r
V2
k + rk (V2/V
j′r
2 ) ≥
∑r
k=1 r
V2
k .
REPRESENTATIONS OF COMPLEX HYPERBOLIC LATTICES 19
III. By assumption, deg V < 0 and therefore
µ(V ) ≥
∑r
k=1 rk (F
k
V2
)µV2k + deg (V2/V
j′r
2 ) + deg V1∑r
k=1 r
V2
k
=
∑r
k=1 r
V2
k µ
V2
k +
∑r
k=1 ck + deg (V2/V
j′r
2 ) + deg V1∑r
k=1 r
V2
k
=
∑r
k=1 r
V2
k µ
V2
k − deg (W/W l)∑r
k=1 r
V2
k
≥
∑r
k=1 r
V2
k µ
V2
k∑r
k=1 r
V2
k
(we use
∑r
k=1 ck + deg (V2/V
j′r
2 ) + deg V1 = −deg (W/W l) ≥ 0).
IV. From III, we get
µ(W )− µ(V ) ≤
∑r
k=1 r
W
k µ
W
k∑r
k=1 r
W
k
−
∑r
k=1 r
V2
k µ
V2
k∑r
k=1 r
V2
k
.
The r.h.s is bounded from above by max
{
µWk − µV2k , 1 ≤ k ≤ r
}
(see [VZ05℄ for the proof of
this), hene
p+ q
pq
degW = µ(W )− µ(V ) ≤ degΩ
1
m
.
3.5.2. System of Hodge bundles of the type V1−→W1−→V2−→W2 −→ V3 −→ 0.
If β1 6= 0 and γ2 6= 0, we have exatly as in Setion 3.3.2 that
|degW | ≤ 3rkV2 + 1
2(rkV2 + 1)
degΩ1
m
using that rk γ2 ≤ rkV2 instead of rkγ2 ≤ m. This inequality is stronger than the one we
want to prove here.
If β1 = 0 or γ2 = 0, the Higgs bundle splits as the sum of two polystable Higgs bundles of
degree 0, for example V1 −→W1 −→ 0 and V2 −→W2 −→ V3 −→ 0. Sine rkW1 = rkW2 = 1,
we have by the previous paragraph that
|deg V1| ≤ rkV1
rkV1 + 1
degΩ1
m
and |deg (V2 ⊕ V3)| ≤ rkV2 + rkV3
rkV2 + rkV3 + 1
degΩ1
m
whih, in view of the following lemma, gives the result.
Lemma 3.10. Let p1, p2, q1, q2 be positive numbers. Let p = p1 + p2 and q = q1 + q2. Then
p1q1
p1 + q1
+
p2q2
p2 + q2
≤ pq
p+ q
with equality i p1q2 = p2q1.
Proof.
pq
p+ q
− p1q1
p1 + q1
− p2q2
p2 + q2
=
(p1q2 − p2q1)2
(p+ q)(p1 + q1)(p2 + q2)
.

4. The ase G = SO0(p, 2)
In this setion we prove the main theorem in the ase where G = SO0(p, 2), the identity
omponent of SO(p, 2).
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4.1. The Hermitian symmetri spae SO0(p, 2)/(SO(p)× SO(2)).
Here, the symmetri spae X is naturally seen as an open subset of the (real) Grassmannian
of 2-planes of a real vetor spae, whih makes the omplex struture a bit more diult to
understand. Again, details are to be found in [He01, Sat80℄.
Let ER be a real vetor spae of dimension p + 2 (p ≥ 3), endowed with a non-degenerate
quadrati form S of signature (p, 2). The symmetri spae X is dened as the spae of all
2-dimensional real subspaes of ER on whih S is negative-denite. It is an open submanifold
of the real Grassmannian of 2-planes of ER.
Let us x a 2-plane WR of ER on whih S is negative-denite and let VR be its orthogonal
omplement. We also x an orientation on WR.
The group G = SO0(p, 2) ats transitively on X by analyti isomorphisms. The isotropy
subgroup K of G atWR is identied with the maximal ompat subgroup SO(p)×SO(2), and
hene X an be identied with SO0(p, 2)/(SO(p)× SO(2)).
Let g be the Lie algebra of G, k ⊂ g the Lie algebra of K and g = k ⊕ p the orrespond-
ing Cartan deomposition. Let us x an orthonormal basis (e1, . . . , ep) of VR and a diret
orthonormal basis (ep+1, ep+2) of WR (with respet to S|VR , respetively S|WR). We have the
following matrix expressions:
k =
{(
X1 0
0 X2
)
, X1 ∈Mp(R), X2 ∈M2(R), tXi = −Xi (i = 1, 2)
}
,
p =
{(
0 A
tA 0
)
, A ∈Mp,2(R)
}
≃R Hom(WR,VR).
The tangent spae ToX at o =WR ∈ X will be identied with p. The tangent bundle TX
of X is the bundle G ×AdK p assoiated to the K-prinipal bundle G −→ X = G/K via the
adjoint ation of K on p.
Sine K respets the deomposition ER = VR⊕WR, the vetor bundle ER on X assoiated
to G −→ X via the ation of K on ER naturally splits as the sum VR ⊕WR.
Moreover, there exist two natural omplex strutures belonging to SO(S|WR) = SO(2) on
the 2-dimensional real vetor spaeWR, and only one that we all I, suh that the orientation
of the basis (Iw,w) of WR oinides with the xed one (for any non-zero w ∈ WR). In the
above basis of WR, the matrix of I is given by
I =
(
0 1
−1 0
)
.
The omplex struture I then denes a omplex struture on the vetor bundle WR that we
still denote by I.
Finally, using the identiation TX ≃ Hom(WR, VR), we get the omplex struture J on
TX : if X is a setion of Hom(WR, VR), JX = X ◦ I. The G-invariant Kähler metri gX on
X is dened at o by
gX (X,Y ) = tr (Y X) = 2 tr
(
tBA
)
, if X =
(
0 A
tA 0
)
, Y =
(
0 B
tB 0
)
∈ p.
The orresponding Kähler form will still be denoted by ωX = gX (J., .).
Next, we onsider the omplexiations V,W and E = V⊕W of VR,WR and ER respetively.
We extend the quadrati form S to E and the omplex struture I toW by C-linearity and still
denote them by the same letters. Let W
1,0
(resp. W
0,1
) be the eigenspae of I orresponding
to the eigenvalue i (resp. −i). These two eigenspaes also are the two isotropi lines in W for
the quadrati form S|W. Moreover, W0,1 may be identied with
(
W
1,0
)⋆
by the mean of S|W,
and V
⋆
may be identied with V by the mean of S|V.
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Let us dene e′p+1 =
1√
2
(ep+1+ iep+2) and e
′
p+2 =
1√
2
(ep+1− iep+2). In the sequel, we shall
use the basis (e1, . . . , ep, e
′
p+1, e
′
p+2) of E. The quadrati form S then writes
S =
 Ip 0 00 0 −1
0 −1 0

and
p =

 0 C C¯tC¯ 0 0
tC 0 0
 , C ∈Mp,1(C)
 .
The omplexiations GC of G and KC of K are respetively SO(p+ 2,C) and SO(p,C)×
SO(2,C). The Lie algebra gC of GC splits as kC ⊕ pC where kC is the Lie algebra of KC and
pC = p⊗C =

 0 C DtD 0 0
tC 0 0
 , C,D ∈Mp,1(C)
 ≃C Hom(WR,VR)⊗C = HomC(W,V)
The two eigenspaes of the extended omplex struture J ⊗ Id ating on pC are
p1,0 =

 0 C 00 0 0
tC 0 0
 , C ∈Mp,1(C)
 ≃C HomC(W1,0,V) ≃C HomC(V,W0,1)
and
p0,1 =

 0 0 DtD 0 0
0 0 0
 , D ∈Mp,1(C)
 ≃C HomC(W0,1,V) ≃C HomC(V,W1,0) .
The omplexied tangent bundle TCX of X is isomorphi to G×AdKpC ≃ (G×KKC)×AdKC
pC, whereas the holomorphi tangent bundle T
1,0X is isomorphi to G ×AdK p1,0 ≃ (G ×K
KC) ×AdKC p1,0. There is a natural Hermitian metri on the holomorphi tangent bundle of
X given on T 1,0o X ≃Mp,1(C) by h(C,D) = 4tr
(
tD¯C
)
.
The holomorphi setional urvature for the omplex line 〈X〉 generated by a nonzero
X =
 0 C C¯tC¯ 0 0
tC 0 0
 ∈ ToX is given by K(〈X〉) = −1 + 1
2
∣∣tCC∣∣2(
tC¯C
)2 . It is lear that K(〈X〉)
is pinhed between −1 and −1/2. The metri gX is Einstein and its Rii urvature tensor is
−p2 gX .
4.2. Toledo invariant and SO0(p, 2)-Higgs bundles.
Let ρ be a representation of a (torsion free) uniform lattie Γ of SU(m, 1) into G = SO0(p, 2),
p ≥ 3. We will assume that ρ is redutive. If it is not, just replae ρ by its semi-simpliation
ρss (see Paragraph 3.3.3) in the following to get the result.
Let (PKC , θ) be the G-prinipal Higgs bundle on M assoiated to ρ and f as in setion 2
and let E be the holomorphi vetor bundle on M assoiated to PKC via the ation of KC on
E. The bundle E splits holomorphially as the sum of the rank p subbundle V = PKC ×KC V
with the rank 2 subbundle W = PKC ×KC W. But, in the present situation, we get more
struture on W , beause KC also respets the deomposition W =W
1,0 ⊕W0,1. This implies
that if we all L the line bundle PKC ×KCW1,0, W holomorphially splits as the sum L⊕L−1.
Moreover, sine KC preserves S|V, we an identify V ⋆ with V . In partiular, deg V = 0.
22 VINCENT KOZIARZ AND JULIEN MAUBON
The Higgs eld θ is a holomorphi (1,0)-form taking values in the bundle PKC ×AdKC pC ≃
Hom(L, V )⊕Hom(L−1, V ) so that we an write (see also [BGG05℄)
θ =
 0 β γtγ 0 0
tβ 0 0
 , where { β : L −→ V ⊗ Ω1
γ : L−1 −→ V ⊗ Ω1
The Higgs vetor bundle (E, θ) is polystable.
The bundle f⋆T 1,0X is isomorphi to the bundle Hom(L, V ) and therefore its degree is
given by −p degL. We obtain that τ(ρ) = 4π
m! degL. Hene the main theorem in this ase
follows from:
Theorem 4.1. |degL| ≤ 1
m
degΩ1, that is |τ(ρ)| ≤ m+1
m
Vol(M). In partiular, when m > 1,
a representation ρ : Γ −→ SO0(p, 2) is never maximal.
Proof. We shall denote by θ2 the morphism of vetor bundles
θ2 : T 1 × T 1 −→ End(E)
(X,Y ) 7−→ θ(X) ◦ θ(Y ) ,
by
tγβ the morphism
tγβ : T 1 × T 1 −→ End(L)
(X,Y ) 7−→ tγ(X) ◦ β(Y ) ,
et.
We remark that the system of Hodge bundles obtained after deformation of the Higgs bundle
(E, θ) via the C⋆-ation on the moduli spae is very simple. Indeed, the limiting (E, θ) must
verify θn = 0 for some n. In partiular, as
θ2 =
 βtγ + γtβ 0 00 tγβ tγγ
0 tββ tβγ
 ,
the (2, 2) matrix (
tγβ(X,Y ) tγγ(X,Y )
tββ(X,Y ) tβγ(X,Y )
)
=
(
tγβ(X,Y ) tγγ(X,Y )
tββ(X,Y ) tβγ(Y,X)
)
(we use θ2(X,Y ) = θ2(Y,X) and in partiular tβγ(X,Y ) = tβγ(Y,X)) must be trae free for
any X,Y ∈ T 1, whih implies tγβ = 0 (and tβγ = 0). Thus
θ2 =
 βtγ + γtβ 0 00 0 tγγ
0 tββ 0
 .
Suppose now that there exist X,Y ∈ T 1 suh that tγγ(X,Y ) 6= 0. For any X ′, Y ′ ∈ T 1,
tββ(X ′, Y ′)tγγ(X,Y ) = 0 beause θn = 0, so we onlude that for every x ∈ M , either
tββ = 0 or tγγ = 0 on T 1x × T 1x and then, by holomorphiity, either tββ = 0 or tγγ = 0 on
T 1 × T 1.
We work on the system of Hodge bundles that we just desribed. Suppose for example that
tββ = 0. Then, the sequene
L−1 γ−→ Im γ
tγ|Im γ−→ L β−→ Imβ −→ 0
denes a Higgs subsheaf of (E, θ).
The bundle L ⊗ T 1 is semistable and Imβ is also a Higgs subsheaf of E, so we have
µ(L⊗ T 1) ≤ µ(Imβ) ≤ 0 and then degL ≤ deg Ω1
m
(if β = 0, then degL ≤ 0).
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Let us onsider the maps γ : L−1 ⊗ T 1 −→ Im γ and tγ|Im γ : Im γ −→ L ⊗ Ω1. We all r
and r′ their respetive rank. By stability, we have
deg Im γ ≥ r
(
−degL+ 1
m
deg T 1
)
and
r′
(
degL+
1
m
degΩ1
)
≥ deg Im tγ|Im γ = deg Im γ − degKer tγ|Im γ .
Using the fat that degKer tγ|Im γ ≤ 0, we immediately get degL ≥ −degΩ
1
m
. 
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